Abstract. We study the formation of structure in the Universe assuming that dark matter can be described by a scalar fieldΦ with a potential V (Φ) = −m 2Φ2 /2 + λΦ 4 /4. We derive the evolution equations of the scalar field in the linear regime of perturbations. We investigate the symmetry breaking and possibly a phase transition of this scalar field in the early Universe. At low temperatures, the scalar perturbations have an oscillating growing mode and therefore, this kind of dark matter could lead to the formation of gravitational structures. In order to study the nonlinear regime, we use the spherical collapse model and show that, in the quadratic potential limit, this kind of dark matter can form virialized structures. The main difference with the traditional Cold Dark Matter paradigm is that the formation of structure in the scalar field model can occur at earlier times. Thus, if the dark matter behaves as a scalar field, large galaxies are expected to be formed already at high redshifts.
Introduction
One of the main achievements of the Big Bang model is the way it can describe the beginning of our expanding Universe. The well known standard model of Cosmology, Λ-Cold Dark Matter (ΛCDM), which is based on the Big Bang theory, predicts that 23% of the total content of the Universe is dark matter. Even though observations of structure formation in the Universe, i. e., galaxies, clusters of galaxies and large-scale structure, give support to this inference, the nature of dark matter (DM) remains unknown.
Despite all its successful achievements, there are some aspects of the ΛCDM model which require further consideration. Shaun et al., [1] , found small anomalies in the mass power spectrum (MPS) obtained by SDSS and the one obtained with the ΛCDM model, for small l, i. e., anomalies in the predicted large-scale structure of the Universe. The ΛCDM paradigm faces several challenges to explain observations at galactic scales, such as the central densities of dark halos in Low Surface Brightness (LSB) galaxies and the excess of satellite galaxies predicted by N-body simulations. In other words, there is not a match between ΛCDM predictions at galactic scales and what is being observed. Problems with an otherwise successful model are often the key to a new and deeper understanding.
Given these discrepancies, it seems necessary to explore alternatives to the paradigm of structure formation. Recently, several alternative models have been proposed. One of them invokes a scalar field as the dark matter (SFDM) in the Universe [2, 3] . This model supposes that dark matter is a real scalar field (SF) Φ minimally coupled to gravity that is endowed with a scalar potential V (Φ), and that at some temperature only interacts gravitationally with the rest of the matter. It is known that an exponential-like scalar field potential fits very well the cosmological constraints due to the form of its solutions (see for example [4] [5] [6] ). The most simple model having both an exponential behaviour and a minimum is a cosh-like potential. Matos & Ureña (2001) [7] used a potential of the form V (Φ) = V 0 [cosh (ξΦ) − 1], where V 0 and ξ are constants, to perform a first cosmological analysis in the context of SFDM. They showed that the evolution of the Universe, its expansion rate and the growth of linear perturbations in this model are identical as those derived in the standard model. A couple of years ago, we developed in [2] a formalism to show that a scalar field with a quadratic potential V (Φ) = m 2 Φ 2 /2 can reproduce the cosmological evolution of the Universe. An interesting result is that the predicted density of neutrinos at the recombination epoch is in agreement with the observations of the Wilkinson Microwave Anisotropy Probe (WMAP). Recently Suárez et al. [8] developed a hydrodynamical approach for the structure formation in the Universe with the scalar potential V (Φ) = m 2 Φ 2 /2 + λΦ 4 /4. They found that when λ = 0 the evolution of the perturbations of the SFDM model compared to those of ΛCDM are nearly identical. They also showed that this potential can lead to the early formation of gravitational structures in the Universe if the self-interaction parameter λ is < 0.
It has also been proposed that this dark matter scalar field, i.e., this spin-0 fundamental interaction, could lead to the formation of Bose-Einstein condensates (BECs) in the way of cosmic structure [7, [9] [10] [11] [12] . In the non self-interacting case, SFDM forms BECs if the mass of the associated particle, m, is < 10 −17 eV [7, 13] . The thermodynamical analysis of BEC indicates that gravitational structures of SFDM can be formed at earlier times than CDM structures [2] . In a recent paper, Ureña [14] studied the conditions for the formation of a SFDM/BEC in the Universe, also concluding that SFDM/BEC particles must be ultra light bosons. In the same direction, Rodríguez-Montoya et al. [15] studied ultra light bosons as dark matter in the Universe with the framework of kinetic theory, through the Boltzmann-Einstein equations, and they found that this kind of ultra light particles is consistent with the acoustic peaks of the cosmic microwave background radiation if the boson mass is m ∼ 10 −22 eV. [16] pointed out that SFDM/BEC can explain the spatial separation of the dark matter from visible matter, as derived from X-ray maps and weak gravitational lensing, in the Bullet Cluster [17] . On the other hand, several authors have numerically studied the formation, collapse and virialization of SFDM/BEC halos as well as the dynamics of the SFDM around black holes [18] [19] [20] [21] [22] [23] [24] [25] . Alcubierre et al. [26] found that the critical mass for collapse is of the order of a Milky Way-sized halo mass. This suggests that SFDM/BEC can be a plausible candidate to dark matter in galactic halos. Other studies show that SFDM/BEC predicts intriguing phenomena at galactic scales. Robles & Matos 2012 [27] (see also [28] [29] [30] ) showed that BEC dark matter halos fit very well high-resolution rotation curves of LSB galaxies, and how the constant density core in dark halos can be reproduced. Also, [31] shows that the SFDM/BEC paradigm is a good alternative to explain the common mass of the dark halos of dwarf spheroidal galaxies. Recently, Rindler-Daller & Shapiro [32] investigate the formation of vortex in SFDM/BEC halos. They found constraints on the boson mass in agreement with the ultra light mass found in previous works (see also [33, 34] ). In addition, Lora et al. [35] studied, through N-body simulations, the dynamics of Ursa Minor dwarf galaxy and its stellar clump assuming a SFDM/BEC halo to establish constraints for the boson mass. Moreover, they introduced a dynamical friction analysis with the SFDM/BEC model to study the wide distribution of globular clusters in Fornax. An overall good agreement is found for the ultra light mass ∼ 10 −22 eV of bosonic dark matter.
In this work we consider the hypothesis that dark matter can be described by selfinteracting scalar field under the action of a potential that goes as V (Φ) = −m 2Φ2 /2 + λΦ 4 /4, and is affected by gravity in an indirect way through the gravitational potential φ. The journey of this SF starts at very early stage of the Universe, where the temperature effects are very relevant for the scalar dynamics. At this high temperature regime, the SF has a symmetry breaking and then it reaches one of its minima and its scalar potential becomes quadratic. When the temperature decreases by the expansion of the Universe, the SF becomes the main dark matter component in the Universe evolving in the same way as CDM. Therefore, we are interested in the growth of the scalar perturbations in both linear and nonlinear regimes to investigate the main differences with those of the standard paradigm.
This paper is organized as follows. In section 2, we give some properties on the behavior of the λΦ 4 potential with temperature contributions. In section 3, we study the behavior of the background, when Φ and other cosmological parameters depend only on time. In 4 we analyse the linear behavior of the perturbations, while the nonlinear regime is discussed in section 5. The majority of these sections are developed when the SF has reached one of its minima, adopts a Φ 2 potential profile and the mass term becomes positive at the end of the phase transition. Finally, conclusions are given in section 6.
The Cosmological Scalar Field Potential
To study the cosmological dynamics of the SFDM model we consider the simplest case: a single scalar fieldΦ(x, t), with self-interacting double-well potential (Mexican-hat potential). We write the potential as
In a very early stage of the Universe, this scalar field was in local thermodynamic equilibrium with its surroundings, see [36] [37] [38] . At some time, the scalar field decoupled from the rest of the matter and started a lonely journey with its temperature T going down by the expansion of the Universe. Thus, we consider the scalar field in a thermal bath of temperature T , whose scalar field potential, extended to one loop corrections, is given by (in natural units c = = k B = 1)
where m is a mass parameter and λ is the self-interacting constant. We can calculate the critical temperature T c at which the Z 2 symmetry of our real SF breaks. In order to do that, we obtain the critical points of the scalar potential (2.2) as
It is important to note that the negative term −m 2 permits the breaking of symmetry of our potential. The first critical point is found atΦ = 0. If the temperature T is high enough, the scalar potential (2.2) has a minimum at this critical point. Furthermore, the critical temperature T c at which V has a maximum atΦ = 0 is
At this point m becomes a very relevant parameter. To find the real value of m 2 at low temperatures, we have to analyse the value of m 2 in the original potential at temperatures well below the critical temperature, T T c (with T ≈ 0), as to say that the system has undergone the breaking of symmetry. With these considerations at hand, we have from eq. (2.3)
where we have defined the positive mass m in the minimum of the potential as m 2 = 2m 2 . Once the scalar field reaches the minimum and keeps oscillating around it, we assume that the scalar field acquires very small values, i.e, Φ ∼ 0, but never reaches zero, hence the terms that go as Φ 3 and Φ 4 in our expansion can be neglected. Also, if we want this kind of dark matter to form structures of around 10 12 M , then we need the scalar field mass to be around m 1 eV, ( [39, 40] ) and λ ∼ 10 −8 (in general λ always takes small values). Again we are left with a Φ 2 type potential, but now with the positive mass term. If we take these values, then the critical temperature is T c ∼ 2000 eV, which is low enough for the scalar field to decouple from the rest of the matter, but high enough so that we are still far behind the matter dominated era. Therefore, we have two regimes of the cosmological scalar potential at different stages of the Universe
3 Background Universe
The field approach
First, we study the dynamics of the SFDM model in the background Universe. In order to do so, we consider the Friedmann-Lemaître-Robertson-Walker (FLRW) metric with scale factor a(t). Our background Universe is composed by SFDM (Φ 0 ) endowed with a scalar potential V ≡ V (Φ 0 ), baryons (b), radiation (z), neutrinos (ν), and a cosmological constant (Λ) as dark energy. We begin by recalling the basic background equations. From the energy-momentum tensor T for a scalar field, the scalar energy density T 0 0 and the scalar pressure T i j are given by
where the dots stand for the derivative with respect to the cosmological time and δ i j is the Kronecker delta. Thus, the Equation of State (EoS) for the scalar field is
3)
The radiation fields, the baryonic component and the cosmological constant are represented by perfect fluids with barotropic equation of state P γ = (γ − 1)ρ γ , where γ is a constant, 0 ≤ γ ≤ 2. For example, γ z = γ ν = 4/3 for radiation and neutrinos, γ b = 1 for baryons, and for a cosmological constant γ Λ = 0.
The Einstein-Klein-Gordon equations that describe this Universe arė
with the Friedmann constraint
being κ 2 ≡ 8πG, H ≡ȧ/a the Hubble parameter and the commas stand for the derivative with respect to scalar field. Notice that background scalar quantities at zero order have the subscript 0. In order to solve the system of equations (3.4), we define the following dimensionless variables Here, we take the scalar potential for T T c , as V = m 2 Φ 2 0 /2, where m, the mass of the ultra-light boson particle is ∼ 1 × 10 −23 eV. Using these variables, the equations (3.4) for the evolution of the background Universe are transformed into
where the prime denotes a derivative with respect to the e-folding number N = ln a, and Π is defined as
Notice that we have introduced the extra variable s ≡ m/H. With these variables, the density parameters Ω i for each component i can be written as 9) subject to the Friedmann constraint
In addition, we may write the EoS of the scalar field as 
ω Φ 0 is a function of time. If the temporal average of ω Φ 0 tends to zero, then Φ 2 -dark matter can be able to mimic the EoS of CDM. We solve the system of equations (3.7) for the background Universe numerically with an appropiate semi-implicit extrapolation method for the resulting stiff system. We take, as first approach, the initial conditions given by the best estimates from 5 and 7-years WMAP values [41, 42] to Ω Fig. 1 we see the cosmological evolution of the scalar field Φ 0 . This figure shows how the scalar field oscillates about the minimum Φ 0 ∼ 0 of the scalar potential V . In Fig. 2 we show the evolutions of x 2 and u 2 , which are related to the kinetic (Φ 2 0 /2) and potential energy (m 2 Φ 2 0 /2) of the scalar field, respectively. As expected, the oscillations are translated into very stark oscillations for the kinetic and the potential energies of the scalar field. However, observe the evolution of the dark matter density of the scalar field, Fig. 3 . A crucial point here is that the kinetic and potential energies show very stark oscillations but the sum of both energies, that is the density parameter Ω Φ 0 , does not oscillate at all. In fact, the oscillations are not physical observables at all; they are a feature of the scalar field. What we observe is the density of the scalar field which does not oscillate. 
-23 eV Figure 3 . Evolution of the density parameters Ω i for the background Universe. Scalar field dark matter model mimics the standard ΛCDM behavior.
Fig . 3 shows the numerical evolution of the density parameters in our model 1 . At early times, radiation dominates the evolution of the Universe. Later on, the Universe has an epoch where the energy density radiation is equal to the dark matter density, at z eq ∼ 6000, then dark matter begins to dominate the evolution. The recombination era in scalar field dark matter model occurs at z ∼ 1000. At later times, the cosmological constant dominates the dynamics of the Universe at z Λ ∼ 0.7. The cosmological behavior of the Universe with SFDM hypothesis is exactly the same as in the ΛCDM model. Fig. 4 shows the evolution of the EoS for the scalar field. Although the EoS varies with time (oscillations), the temporal average, ω Φ 0 , drops to zero. Therefore, Φ 2 0 is like a pressureless fluid and behaves as cold dark matter at cosmological scales [2, 7, 43, 44] . 1 The scale factor is such that a = 1 today, so that it relates to the redshift z by a = (1 + z) −1 .
Analytical study of the background Universe
In this subsection we perform a transformation in order to solve the Friedmann equations with analytic methods with the approximation m H and compare this result with the numerical ones. Here the scalar field and the variables of the background depend only on time, e.g., Φ = Φ 0 (t). Now we express the SF, Φ, in terms of the new variables S(t) andρ(t), see [8] ,
This equation will allow us to give an analytical form to equation (3.1). We first obtaiṅ
We remind that we are working in coordinates such that x = a(t) R. This means that a structure in the Universe stand still at point R and it is the space-time which is expanding. Using these coordinates for the background, it followsṠ ∼ 0 (since S is related with the velocity). Since the background denisty is (lnρ 0 )˙= −3H with H ∼ 10 −33 eV m, from (3.13) we getΦ
Finally, substituting this last equation and equation (3.12) into (3.1), we obtain,
Comparing this result with the first equation in (3.9) we find that the identity Ω Φ 0 = x 2 +u 2 = 2m 2ρ holds for the background. By comparing with (3.15), we derive that
We plot the evolution of the potentials (3.16) in Fig. 5 , in terms of the e-folding number N defined earlier and noting that a ∼ t n , implying t ∼ e N/n . Fig. 5 shows the kinetic and the potential energies of the scalar field. The match of the kinetic and potential energy of the background with the numerical results in Fig. 2 is excellent. We separate the metric tensor as follows
where g 0 µν is the unperturbed metric for the background. Scalar perturbations can always be constructed by means of a scalar quantity, its derivatives, or any background quantity. We can then have a perturbed scalar metric to first order in terms of four scalars ψ (lapse function), φ (gravitational potential), B (shift) and E (anisotropic potential), where
with η the conformal time.
From this, we get the most general perturbed line element
where δ ij is the background metric [45] .
The perturbed energy-momentum tensor for the scalar field can be written as the background value T 0 ≡ T 0 (t) plus a perturbation δT ≡ δT(x µ ) where x µ = [t, x i ], i. e.
We consider the evolution equations within the Newtonian gauge, because it is a convenient gauge for the study of scalar perturbations. This gauge is defined when B = 0 and E = 0, and applies only to the scalar modes of the metric perturbations, implying that vector and tensorial modes are not taken into account.
We now derive the perturbed evolution equations for the different quantities mentioned above; the scalar perturbation δΦ and the scalar potential ψ. For the perturbed energymomentum tensor, we have
In the above equations (4.5) the dot denotes differentiating with respect to cosmological time t, which is related to the conformal time by
In the Newtonian gauge, the metric tensor g µν becomes diagonal and therefore, the scalar potentials ψ and φ are identical
We say that φ plays the role of the gravitational potential. Usually this equation contains a term of anisotropic stress, which vanishes in the case of a scalar field. Altogether, to first order, the perturbed Einstein's equations δG i j = κ 2 δT i j for a scalar field in the Newtonian gauge are
which is in accordance with previous results obtained by [45, 46] and others. These equations describe the evolution of the scalar perturbations. Equations (4.7) can be rearranged to find an equation for φ:
For the evolution of the perturbations in the scalar field we use the perturbed Klein-Gordon equationδ
In order to solve equations (4.7) and (4.9), we turn to Fourier's space. The usefulness of this expansion relies on the fact that each Fourier mode will propagate independently. To first order, the derivation of Fourier's components is straightforward. The perturbation δΦ is related to its Fourier component δΦ k by
where k is the wavenumber. Here the wavenumber is defined as k = 2π/λ k , and λ k denotes the length scale of the perturbation (notice that λ k is different to the self-interacting parameter λ).
The perturbed equations (4.7) altogether with the scalar field read
For the corresponding Fourier transform of equation (4.8) we have,
and the Klein-Gordon equation (4.9) transforms intö
These set of equations describe the evolution of the perturbations in the linear regime. Eq. (4.11a) makes reference to the evolution of the energy density, Eq. (4.11b) to the evolution of the gravitational potential and finally, Eqs. (4.12) and (4.13) refer to the perturbations over the gravitational potential and the scalar field, respectively. Eqs. (4.12) and (4.13) represent harmonic oscillators with a damping term that goes as 6Hφ k or 3HδΦ k , respectively, plus an extra force. In Eq. (4.12) the term 2Ḣ is negative (Ḣ < 0), meaning that the gravitational fluctuations can grow up provided that the condition k 2 a 2 + 2Ḣ + 4H 2 < 0 is satisfied. In the scalar field perturbation (equation (4.13)), the situation is a bit different because the perturbations can only grow if the condition k 2 a 2 + V, ΦΦ < 0 is fullfiled. This can happen if V, ΦΦ < 0 and k 2 /a 2 is sufficiently small, which implies that it is in a maximum of the potential, where the perturbation is unstable, and is rolling down to the minimum. Therefore the fluctuation can only grow up only during the phase transition of the scalar field, where the terms in the potential containing λ cannot be neglected, because the critical temperature T c has not been reached. After that, the scalar fluctuations will continue to grow up and therefore, they could form gravitational structures. Now, taking the time derivative of (4.5a), we geṫ
Performing a Fourier transformation to the above equation and using equations (3.4), (4.11) and (4.13), we arrive aṫ
On the other hand we have
Thus,δ
Since we know thatρ
we obtainδ
where we have defined the function G φ as
Taking the time average of equation (4.19) we obtaiṅ
where F φ is defined as
In the radiation and matter dominated eras, the term δP Φ /δρ Φ in Eq. (4.21) is ≈ 0, see for example [7] . This is because δP Φ oscillates very rapidly around zero, whereas δρ Φ stays almost constant during one oscillation of δP Φ . This behaviour will be confirmed numerically in §4.2. Note however, that the time average δP Φ δρ Φ might not necessarily be identical to zero. Also we can see from Fig. 4 that ω Φ 0 ≈ 0. Moreover, since we are using postNewtonian approximation, G φ can be neglected, as the numerical results will confirm later on. Consequently, not only the scalar field Φ behaves very similar as the ΛCDM model in the background Universe, but equation (4.21) tell us that their perturbations do too; the growing behavior for the k modes are recovered and preserved so far.
As a final remark, we want to point out that in the case that the perturbation δΦ( x, t) fullfills equation (3.12), but now with S( x, t) andρ( x, t) also depending on position, then the perturbed Klein-Gordon equation (takingφ = 0 for simplicity) can be rewriten as (see [8] ):
where the D'Alambertian operator 2 is now given by 2 = −∂ 2 t − 3H∂ t + ∇ 2 /a 2 and λ = 0 for the moment. From this set of equations we get the following constraint equation in the Fourier space
k 2 a 2 − 4πGρ 0 , where w = −9λ/2m 2 and v 2 q = k 2 /4m 2 is called the quantum velocity (in this case it is not the velocity of sound) and it is associated with the nature of quantum fluctuations. ρ 0 is the background density, so that ρ 0 ∼ 1/a 3 . We may write this equation as
which defines the wavelength λ kJ ≡ π v 2 q + wρ 0 /Gρ 0 a 2 . This equation relates the wavelength of the perturbation to the size of the gravitational structure to be formed in a Universe in expansion for the model λΦ 4 . In the limit λ ∼ 0 (when we have reached the minimum and we have a Φ 2 profile), then λ kJ = πv 2 q /Gρ 0 a 2 , which is the Jeans length in a Universe in expansion, with quantum fluctuations as the origin of structure formation. This expression is analogous to the effective Jeans length for a scalar field [47] [48] [49] [50] given by
For instance, for an ultralight mass ∼ 10 −23 eV, the Jeans length in the recombination era is λ kJ ∼ 4 kpc. Therefore, on scales much smaller than this value, the scalar perturbations will not grow and they will not form gravitational structures. It is worth to note that once the value of the scalar mass is fixed, a natural cut in the mass power spectrum arises in a natural way. Therefore, the SFDM model avoids the problem of excessive substructure in the ΛCDM [7, 13] .
Numerical results for SFDM perturbations in the linear regime for T ∼ T c
In this section we perform a numerical study of the system of equations (3.4), (4.12) and (4.13) at an early stage of the Universe where the finite temperature effects are very relevant for the evolution of SFDM/BEC perturbations as well as for the density profile of SFDM/BEC halos [51] [52] [53] . In this temperature regime, T ∼ T c , the scalar potential takes the form
4λ . The numerical results in Fig. 6 are obtained for the potential (2.2). We have also used equation (3.4) (at very early epochs, only the radiation and scalar fields need to be considered) which is an expression valid for any SF potential. At temperatures close to T c we are not yet at the minimum of the scalar potential (the mass term is negative, andΦ 0 (t) has not found its minima), and we are at a point near the phase transition of the scalar field. Fig. 6 shows two interesting cases. First, we keep the self-interacting parameter λ fixed and we take different values for the wavenumber k (top panel). In the bottom panel, we show the evolution of the scalar fieldΦ 0 (t) for different values of λ. As we can see, the scalar fieldΦ 0 has the same behavior for several values of k (top panel). However, the oscillations ofΦ 0 have different amplitudes for several values of λ. As mentioned before, at points near T /T c = 1 there is a sudden change on the value of Φ 0 , possibly associated with the symmetry breaking phase transition. After this jump when T < T c and the SF is searching for its minima, we can see that, at some point (T /T c ∼ 0.1 onwards), the SF stabilizes and oscillates around the same value. We believe that it is at this stage that the SF has found one of its stable minima and, from here on, all of our previous results may be applied.
In Fig. 7 we show the evolution of the SF perturbation, δΦ( x, t), obtained through the numerical study of equation (4.13) with the scalar potential (2.2) (recall that the mass term with m has not reached its postive value at the minimum). Again, we explore the same two cases as before, we keep the self-interacting parameter λ fixed and take different values for the wavenumber k (top panel). We also show the evolution for different values of λ (bottom panel). Observe that the amplitude of the oscillations of δΦ( x, t) drops slightly for bigger values of k (top panel). However, the amplitude of the δΦ perturbations increases with λ. The results show that at points where T < T c , the fluctuations grow (top panel). This growth starts just at T = T c , at the phase transition point, with δΦ always oscillating around zero, taking very small values, as mentioned before. This result might give some insight on the relation between the growth of perturbations of the SF due to the phase transition with the growth of such perturbations related to the formation of structures in the Universe. 
Numerical results for SFDM perturbations in the linear regime for T T c
In this section, we will study the cosmological evolution of the growth of SF overdensities, δρ Φ , in the linear regime when (1) the temperature is T T c , (2) the SF has reached the minimum of the potential with a Φ 2 -profile and (3) the mass term is positive and is described with m 2 . In order to obtain a numerical solution for the density contrast δ = δρ Φ /ρ Φ 0 , the following dimensionless variables are defined,
Using these variables, equations (4.12) and (4.13) can be transformed into an autonomous dynamical system with respect to the e-folding number
(4.27d)
where G Φ /H = 2k 2 s 2 (l 1 + l 2 ) /3a 2 m 2 Ω Φ 0 and the functions s, x, u, and Π were determined in section 3. Instead of using equation (4.27e), which is a differential equation for the linear density contrast y 1 , it is possible to obtain an algebraic expression for y 1 using equations (3.1) and (4.5a), which in terms of the dimensionless variables defined before can be written as
A numerical solution for the system of equations (4.27) was obtained. We pose the initial conditions at a i = 10 −6 . We start with a perturbation with wavelength λ k = 2 Mpc and density contrast δ = 1 × 10 −7 . Fig. 11 shows the cosmological evolution of the perturbed scalar field as a function of the scale factor a. As we said before at very early epochs of the Universe the SF was in thermal equilibrium with its surroundings and the temperature of the Universe was very high, dominated mainly by radiation, thus making the amplitude of the fluctuations of the SF very large due to its interactions. As the temperature decreases the SF decouples from the rest of the matter, so that the surrounding interactions are negligible after the decoupling. After the breaking of symmetry, when T < T c , the SF begins to oscillate uniformly on the space surrounding its true minima, where the perturbations seem to stabilize, around a ∼ 10 −4 . The evolution of the gravitational potential for this perturbation is shown in Fig. 12 . Note that the gravitational potential remains constant from a ∼ 10 −5 all along up to the matter-dominated regime.
Finally, Fig. 13 shows the evolution of the density contrast as a function of a. It was obtained using the differential equation (4.27e) and the algebraical expression (4.28). We see that the density contrast evolves slowly at early stages of the Universe. This Figure clearly shows how it begins to grow before recombination (a ∼ 10 −3 ). These small fluctuations in the SFDM density contrast can be sufficient to lead to structure formation in the Universe. Therefore, overdense regions might be able to form galactic halos at earlier times than those proposed in the standard model. During and after the recombination era the density contrast appears to grow in the same way as in the ΛCDM profile, i.e., the SFDM density contrast grows in a very similar fashion as it does in the ΛCDM model. This can be seen by looking at the temporal average of the terms F Φ and G φ in equation (4.21) . From Fig. 8 we see that F Φ tends to 1. On the other hand, G φ drops to zero, implying that the second term on the right-hand side of Eq. (4.21) is zero (see Fig. 9 ). Since the time average of the perturbed scalar pressure δP Φ → 0 (see Fig. 10 ) and that of ω Φ 0 → 0 (see Fig. 4 ), we find that Eq. (4.21) resembles the equation for the density contrast as in the CDM model, [46] . This means that SFDM perturbations grow exactly as cold dark matter perturbations, only when the SF has reached one of its minima and mimics the behavior of the Φ 2 potential. Figure 11 . Evolution of the perturbed scalar field δΦ as a function of the scale factor a. It is important to point out that the numerical evolution of system (4.27) is complicated due to the stark oscillations of the scalar field. However, in the absence of these oscillations, the evolution of the scalar perturbations grow very similar to those of the standard model.
The Nonlinear Regime of SF-dark matter perturbations
In this section we study the evolution of the scalar perturbations in the nonlinear (NL) regime when δ 1. A first study on gravitational instability of scalar fields in the linear and nonlinear regimes was developed in [48] . Recently, Woo & Chiueh [21] have performed a numerical study of structure formation with SFDM/BEC model. Here, we made our analysis within the framework of the spherical collapse model [56] . This formalism is very useful to understand the structure formation process in the Universe in the nonlinear regime. Here we focus on the era where the radiation density is equal to the SFDM density. At this time T T c and, therefore, we can consider that the scalar potential has reached the Φ 2 0 profile with the positive mass term with m ∼ 10 −23 eV. We study if Φ 2 -dark matter perturbations are able to form bound structures as in the standard model. 
The Spherical Collapse Model
The spherical collapse model proposed by [57] is a simple, but fundamental tool for understanding the growth of fluctuations in the Universe. This model considers that the formation of gravitational structures in the Universe can be described by the evolution of an overdense spherical region. At early times this region evolves together with the background Universe. However, at a certain time it decouples from the general expansion, slows down, reaches a maximum radius (this time is called turn-around (ta)) and eventually collapses, virializes and stabilizes in a finite region. There are several studies on spherical collapse with scalar fields in the context of dark energy [50, [58] [59] [60] [61] [62] [63] . Nevertheless, the spherical collapse model for scalar field as dark matter has not been studied. We begin our analysis by considering a spherical overdense region (cluster) in a background Universe, as in section 3. This cluster is envisaged as a small perturbation with a top-hat density profile in the scalar field. This means that the density of dark matter inside this region is spatially constant. Following the spherical collapse formalism, the equations governing the cluster's evolution with a perturbed scalar field Φ p are given by the Raychauduri equation and by the Klein-Gordon equation
being R the radius of the cluster, V p ≡ V (Φ p ) is the perturbed scalar potential and ρ b , ρ z (P z ), ρ ν (P ν ), ρ Λ (P Λ ) are the background densities (pressures) for baryons, radiation, neutrinos and cosmological constant respectively. We set Φ p = Φ 0 + δΦ(R i , t), where Φ 0 = Φ 0 (t) is the background scalar field and δΦ is a small perturbation. Notice that δΦ does not depend on the spatial coordinates. Thus the perturbation is homogeneous inside the cluster (top-hat density profile), and it only depends on time and on the initial radius R i of the cluster. The perturbed scalar density ρ Φp and pressure P Φp inside the cluster are defined as ρ Φ 0 + δρ Φ and P Φ 0 + δP Φ respectively, where δρ Φ is given by
In addition, δP Φ is
The radiation fields have not been perturbed in the dynamics of the cluster because these perturbations have no growing modes susceptible to affect the structure formation. Likewise, we have not included the baryonic perturbations because we assume that the baryons fall in the gravitational potential of collapsed dark matter halos. On the other hand, the perturbations of dark energy are not important on scales below 100 Mpc [62, 64] . Moreover, the effect of any kind of dark energy on virilization of dark matter is still under discussion.
If the scalar field is perturbed, the system of equations for the cluster is
The system of equations for the overdense region assuming the quadratic scalar potential V = m 2 Φ 2 0 /2 are given bÿ
We define the nonlinear density contrast of Φ 2 -dark matter at any time
where ρ Φ 0 and δρ Φ are given in equations (3.1) and (5.3). The EoS, ω Φp , for the perturbed scalar field Φ p is P Φp /ρ Φp . This EoS varies with time as in the case of ω Φ 0 . Moreover, we can obtain a differential equation for the time evolution of the nonlinear density contrast by combining equations (3.4b), (5.3), (5.6), (5.8) and (5.9). In fact, from the time derivative of equation (5.3) and using equation (3.4b) we finḋ
On the other hand, we know that
From eqs. (5.6) and (5.8) and using eq. (5.9) we obtain the desired equation aṡ
Thus, from the time derivative of equation (5.7), the differential equation for the nonlinear density contrast reads aṡ
where we define the function I δΦ ≡ m 2 δΦδ Φ/ρ Φ 0 .
Virialization
The cluster decouples slowing down from the general expansion of the background Universe and reaches a point of maximum radius R ta . After that, the cluster continues its evolution and begins to collapse to a singularity. However, this is not a physical behavior because during the collapse our assumption of radial infall fails. In a real world, the cluster virializes and forms a bound structure of finite size. In order to compute the virial radius R vir of the bound structure of Φ 2 -dark matter we use the energy conservation and the virial theorem for this region. First, we assume energy conservation between turn-around and virialization time. In this case, the equilibrium conditions read 12) where T is the kinetic energy and U is the potential energy of this region. At turn-around timeṘ| ta = 0 thus T ta = 0. On the other hand, the virial theorem holds for the whole system at the virialization time
It is common to relate the kinetic energy T to the the potential energy U by
Combining eqs. (5.12) and (5.14), we can obtain the virial radius R vir of the gravitational structure. To do so, we need to compute the potential energy for the whole system including the interaction potential energy between Φ 2 -dark matter and each component of the whole system [65] . However, we assume that the effects of other components can be neglected because their densities are smaller than the dark matter density. Thus, we compute the self-potential energy for Φ 2 -dark matter only. The potential energy is then [66] U Φp = 2π 15) where φ is the gravitational potential due to Φ 2 -dark matter inside the cluster. The gravitational potential φ is given by
Note that we have taken also the pressure contribution from the perturbed scalar field into account [50, 60] , since the Poisson equation (with relativistic corrections) reads decrease until it collapses into a singularity. As discussed in section 5.2, this singularity is not physical because the dark matter was forced to be spherically distributed and to collapse radially. Fig. 16 shows the nonlinear density contrast for Φ 2 -dark matter paradigm. The transition between the linear regime (δ 1) and the nonlinear regime (δ 1) occurs when the density contrast is equal to the unity (δ=1). For our initial perturbation, the transition occurs at a tr ∼ 5.54 × 10 −3 . The density contrast continues growing up to δ SF DMta ∼ 49.94 at turn around. In an Einstein-de Sitter Universe with Ω CDM = 1, the density contrast at turn-around is ∼ 4.6. If we compare both paradigms, the perturbations at turn-around are more dense in Φ 2 -dark matter model than they are in the cold dark matter paradigm. Now we analyze numerically the relation (5.19) following the solution until the equality is satisfied. Thus, we determinate the virialization time and thereby the virial radius and the virial density contrast. We find that the perturbation virializes at a vir ∼ 6.3 × 10 −3 , i.e. at redshift z vir ∼ 158. This means that the overdensities collapse and virialize earlier in SFDM paradigm than in the CDM model and therefore the dark halos are formed at earlier times. In order to analyze the cause of this early collapse, we show in Fig. 15 the evolution of the perturbed scalar field Φ P . Observe that at the recombination era, Φ P oscillates with very tiny amplitudes because the perturbation to the scalar field is very small (see Fig. 11 ). However, the amplitude of these oscillations grow in a very short interval of time (5 × 10 −3 < a < 6 × 10 −3 ). Therefore, the growth of the oscillations in Φ P is traslated into an increase of the perturbed energy density ρ Φp and the perturbed scalar pressure P Φp in eq. (5.1) becomes responsible for the early collapse. The reason why the perturbed scalar field inside the overdensity contributes significantly to its collapse, becomes clear when one analyses the Poisson equation (5.17) for the gravitational potential. It is worth noticing that in the case of CDM perturbations, the pressure is negligible. As a result, while the scalar perturbations in the linear regime behave as those in the standard model, the scalar pressure, in the nonlinear regime, plays an important role in the collapse of gravitational structures. This is a prediction of scalar field dark matter and BEC-type dark matter. Although this result can be controversial, there is some evidence that suggests that dark halos could be formed at high redshift [67] . The density contrast at virialization time is between δ vir ∼ 240 − 3680. These values are larger than the predictions of CDM model. On the other hand, we found that the fractional radius η in our model is η = 0.43. It is worthwhile noting that this value is below the value in an Einstein-de Sitter Universe where η = 0.5. Hence, Φ 2 -dark matter perturbations can reach equilibrium with a smaller radius.
Conclusions
The SFDM/BEC model could be a serious alternative to the dark matter problem in the Universe. This model predicts that the density profile of galaxies is not cuspy, in concordance with observations in LSB and dwarf galaxies density profiles [27, 29] . If the existence of cored halos is confirmed, this could be an indication in favour of the SFDM model. In the cosmological regime, the SFDM/BEC and the standard model predict exactly the same physics (see Matos et al. 2009 ). In this work we have studied the growth and virialization of Φ 2 -dark matter perturbations in the linear and nonlinear regimes. Within the linear theory of scalar perturbations we obtain an equation for the evolution of the density contrast. This equation differs from the density contrast equation for CDM. However, the extra terms tend to the values of the standard equation. Therefore, as a goal of this work, we find that the scalar perturbations in this model grow up exactly as the CDM paradigm. Following the spherical collapse model, we also study the nonlinear regime of the evolution of Φ 2 -dark matter perturbations. Here we have shown that the evolution of an overdense region of Φ 2 -dark matter can collapse and virialize in a bound structure. However, we found that the scalar perturbations collapse at earlier times of the Universe and that these virialize with a smaller radius than those in the CDM model. Thus, the standard and the SFDM/BEC model can be confronted in their predictions concerning the formation of the first galaxies. The existence of massive galaxies at high redshifts is a prediction of the model and may be used to distinguish between SFDM/BEC paradigm and CDM.
